Abstract. We consider the teleparallel equivalent of Lovelock gravity and its natural extension, where the action is given by an arbitrary function f (T L 1 , T L 2 , · · ·, T Ln ) of the torsion invariants T L i , which contain higher order torsion terms, and derive its field equations. Then, we consider the special case of f (T L 1 , T L 2 ) gravity and study a cosmological scenario by selecting a particular f (T L 1 , T L 2 ), and derive the Friedmann equations. Also, we perform a dynamical systems analysis to extract information on the evolution of the cosmological model. Mainly, we find that the model has a very rich phenomenology and can describe the acceleration of the universe at late times.
Introduction
The teleparallel equivalent of general relativity (TEGR) was proposed by Einstein and is an equivalent formulation of general relativity (GR), where the Weitzenböck connection is used to define the covariant derivative instead of the Levi-Civita connection, describing a space-time with zero curvature but with non-vanishing torsion which fully encodes the gravitational phenomena [1, 2] , for an introduction see [3] . A natural extension of TEGR is the so-called f (T ) gravity, which is represented by a function of the torsion scalar T as Lagrangian density [4] [5] [6] [7] .
A genuine advantage of f (T ) gravity is that the field equations for the vielbein components are second-order differential equations. Recently, it was shown that f (T ) gravity has only one extra degree of freedom (d.o.f.), which could be interpreted as a scalar d.o.f. [8, 9] , where the additional scalar field could be related to the proper parallelization of the spacetime [10] . Despite this, it was previously found that there is no extra d.o.f. at the level of cosmological perturbations [11] . It is worth mentioning that some parallelizations have been investigated and the proper vielbein fields responsible for the parallelization process have been found [12] . Remarkably, it is possible to modify f (T ) theory in order to make it manifestly Lorentz invariant [13, 14] ; however, it reduces to f (T ) gravity in some local Lorentz frames [15] [16] [17] . Moreover, f (T ) gravity exhibits interesting cosmological implications [18] [19] [20] ; for instance, a Born-Infeld f (T ) gravity Lagrangian was used to address the physically inadmissible divergences occurring in the standard cosmological Big Bang model, rendering the space-time geodesically complete and powering an inflationary stage without the introduction of an inflaton field [5] . It also is believed that f (T ) gravity could be a reliable approach to address the shortcomings of GR at high energy scales [20, 21] . Furthermore, both inflation and the dark energy-dominated stage can be realized in Kaluza-Klein and Randall-Sundrum models, respectively [22] . Moreover, f (T ) gravity also admits black hole solutions [23] .
Other generalizations have been formulated in teleparallel formalism such as scalartorsion gravity theories [24] [25] [26] [27] [28] [29] [30] [31] , Kaluza-Klein theory for teleparallel gravity [32] , teleparallel equivalent of Gauss-Bonnet gravity [33] , teleparallel equivalent of Lovelock gravity (TELG) [34] , teleparallel equivalent of higher dimensional gravity theories [35] and modified teleparallel gravity models [36, 37] . In this work, we will consider a natural extension of TELG [34] by generalizing the Lagrangian of TELG to an arbitrary function of the torsion invariants which contain different powers of the torsion tensor. This is similar to how f (T ) gravity modifies the TEGR by considering and arbitrary function of the torsion scalar T , which contains quadratic powers of the torsion tensor, and we derive its field equations. Then, we consider a cosmological scenario in four space-time dimensions described by the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric and a Lagrangian given by f (T, T GB ), where T GB is a torsion invariant quartic in the torsion tensor (also, it is a topological invariant in four space-time dimensions), and we find the Friedmann equations. The special case f (T, T GB ) = T + αT GB corresponds to the teleparallel equivalent of Einstein-Gauss-Bonnet gravity and α is the Gauss-Bonnet coupling constant. Then, by selecting a simple model for f (T, T GB ) without introducing a new mass scale in the theory, we solve the motion equations by performing a dynamical systems analysis to extract information about the evolution of the cosmological model. The dynamical systems approach allows us to extract information on the evolution of a cosmological model, regardless of the initial conditions or its specific behavior at intermediate times [38] . The Lovelock gravity theory is the most natural extension of GR in higher dimensional space-times that generates second-order field equations [39] . Remarkably, the action contains terms that appear as corrections to the Einstein-Hilbert action in the context of string theory. Supersymmetric extension, exact black hole solutions, scalar perturbations, thermodynamic, holographic aspects and other properties of Lovelock gravity have been extensively studied over time.
It is worth mentioning that in Ref. [34] , four teleparallel Lagrangians T (i) GB (i = 1, 2, 3, 4) yielding field equations equivalent to the Gauss-Bonnet gravity and differing among them by boundary terms were constructed. Here, we will consider the simplest of them T (1)
GB
, and the remaining Lagrangians can be obtained from T (1) GB by performing integration by parts. Thus, the Lagrangians differ by total derivatives and so yield the same field equations; however, the modified Lagrangians f (T, T (i) GB ) with i = 1, 2, 3, 4 define different gravitational theories and the field equations are not equivalent, except in the special case f (T, T (i)
where the theories are also equivalent to the Einstein-Gauss-Bonnet gravity. The gravity theory considered in this work f (T, T (1)
) is different from the theory analyzed in [33] , which corresponds to f (T, T (2) GB ). It has been proven that f (T, T (2) GB ) provides a unified description of the cosmological history from early-times inflation to late-times self-acceleration, without the inclusion of a cosmological constant. Also, the dark energy equation-of-state parameter can be quintessence or phantom-like, or experience the phantom-divide crossing, depending on the parameters of the model [40, 41] . We will show that the gravity theory f (T, T (1) GB ) also has interesting cosmological solutions which are able to describe the acceleration of the universe at late times.
The manuscript is organized as follows: In Sec. 2 we give a brief review of TELG. In Sec. 3, we modify TELG through its natural extension and the field equations are obtained. Then, in Sec. 4, we consider the theory f (T, T (1)
) and we study the cosmological implications by performing a dynamical systems analysis of the Friedmann equations. Finally, we present our conclusions in Sec. 5.
Fundamentals of the Teleparallel Equivalent of Lovelock Gravity
The action of Lovelock gravity written in the language of differential forms reads
where G D is the D-dimensional Newton constant and the Lagrangian D-form is given by
where α n are arbitrary coupling constants, [D/2] means the integer part of D/2 and each of the termsR n corresponds to the dimensional extension of the Euler density in 2n dimensions and is given bȳ
where the symbol denotes the wedge product of a sequence of differential forms:
4) for some p-forms θ i . The indices a i can take the values a i = 0, 1, · · ·, D − 1, and we are using the convention 01···D−1 = 1. Only the terms with n < D/2 contribute to the field equations, and the terms with n = D/2 are topological invariants in 2n dimensions.R 0 is the cosmological term when α 0 = 0.R a b = dω a b +ω a c ∧ω c b is the curvature 2-form corresponding to the torsionless Levi-Civita spin connectionω ab , while the curvature 2-form of an arbitrary spin connection ω ab is defined by 5) and the torsion 2-form is defined by
The vielbein field e a forms an orthonormal basis for the cotangent space at each point of the manifold, while the vector field e a forms an orthonormal basis in the tangent space, being dual to e a , e a (e b ) = δ a b , where δ a b is the Kronecker delta. We use a bold letter for the vector fields e a , while e a = η ab e b are 1-forms. In a gravity theory with non-null curvature and non-null torsion, the vielbein e a and the spin connection ω a b fields are dynamical variables, see for instance [42] where cosmological models with propagating torsion were considered. On the other hand, for null torsion, the spin connection corresponds to the Levi-Civita spin connectionω ab , and it only depends on e a . The arbitrary spin connection can be split as
where K ab is the contortion 1-form, which is related to the torsion 2-form by T a = K a b ∧ e b . On the other hand, the exterior covariant derivative D of the connection ω ab acts on a set of pforms φ a b as Dφ a b = dφ a b +ω a c ∧φ c b −(−1) p φ a c ∧ω c b , while that the covariant derivativeD is defined in a similar manner for the Levi-Civita connectionω ab , beingDe a = de a +ω a b ∧e b = 0. Using (2.7) it is possible to write the curvature in terms of the Riemannian curvature (R ab ) and the contortion as R
where the covariant derivativeD acts on
The teleparallel equivalent of the genericR n term (2.3) was constructed in [34] , and it is given by 9) which is based only on the space-time torsion, and differs fromR n only by a total derivative (boundary term):
Therefore, the same field equations are obtained from both Lagrangians and, such asR n , τ Ln also is a topological invariant in 2n space-time dimensions; thus, the theory defined by
n=0 α n τ Ln is called TELG. Torsion invariants of degree 2n in the torsion tensor can be constructed as T Ln = − τ Ln , where denotes the Hodge star operator. These invariants will be used in the next section to construct a generalization of TELG, where the Lagrangian is given by an arbitrary function of these invariants
) we obtain τ L 0 =R 0 is the cosmological term and T L 0 = 1. We have not included T L 0 as an argument for the arbitrary function f due to it being just a constant term.
The Lagrangian of TEGR (in D space-time dimensions) can be obtained from (2.9) with n = 1 and is given by
where we have defined
while the Lagrangian of teleparallel equivalent of Gauss-Bonnet gravity corresponds to n = 2 in (2.9) and it reads
and so on for the other terms n = 3, 4, · · ·. From (2.10) we find that τ L 1 and τ L 2 deviate from the Einstein-Hilbert term and the Gauss-Bonnet term, respectively, by the total derivatives:
It is worth mentioning that by performing integration by parts to the Lagrangian τ L 2 , other
Lagrangians are obtained and these are given by [34] 
16)
17)
where
. In [34] there is a mistake in the sign of the fourth term of Θ (3) , we have fixed it here. These Lagrangians, such as τ L 2 , also yield the same field equations of Gauss-Bonnet gravity, because each of them differs fromR 2 by the following total derivatives
In the following, we will impose the Weitzenböck connection by setting ω ab = 0 in order to simplify further the above expressions, in this case the exterior covariant derivative DK ab reduces to the exterior derivative dK ab . As mentioned, the Lagrangian of teleparallel equivalent of Gauss-Bonnet gravity constructed in [33] 
) with i = 1, 2, 3, 4 define different gravitational theories, and they are equivalent only when f (T GR , T (i)
, which corresponds to Einstein-GaussBonnet gravity. In the next section we will study the cosmological implications of the theory given by f (T GR , T (1) GB ), where T GR and T (1) GB are given by (2.12) and (2.13), respectively.
Generalizations of the Teleparallel Equivalent of Lovelock Gravity
A natural generalization of TELG is given by the action
where e = det(e a µ ) = √ −g, the terms T Ln = − τ Ln are torsion invariants of degree 2n in the torsion tensor, which for n ≥ D+1 2 are also topological invariants in D spacetime dimensions, and S m is an action for matter. TELG corresponds to the special case
, where α 0 corresponds to the cosmological constant and α m are arbitrary coupling constants. The equations of motion can be obtained by varying the action (3.1) with respect to the dynamical fields e a , which yields
However, by using differential forms, (3.2) can be written as
where we have defined f
, and L m is the matter Lagrangian D-form. The term inside the first integral is found to be
The first two terms n = 1, 2 of the above expressions are given respectively by
On the other hand, the variation of the matter Lagrangian yields δL m = δe a δLm δe a = δe a T ab e b , where T ab e b is the energy-momentum D − 1-form.
The field equations obtained by varying the action (
where L ea denotes the Lie derivative with respect to the vector field e a , H [ab
, i ea is the interior product and satisfies properties such as i ea (e b ) = δ b a and i ea (e b ∧ e c ) = i ea (e b )e c − i ea (e c )e b , C a bc are the structure coefficients or coefficients of anholonomy, defined from the commutation relation [e b , e c ] = C a bc e a , T a bc are the components of the torsion tensor when expressed in the orthonormal base T a = 1 2 T a bc e b ∧e c and θ a = i ea (e 0 ∧ · · · ∧ e D−1 ).
An interesting feature of the field equations of f (T L 1 , T L 2 , · · ·, T Ln ) gravity is that they contain up to second-order derivatives of the dynamical fields e a as in TELG, which is in contrast to the case of f (R) gravity and f (R, G) gravity [43] which contains fourth-order derivatives in the field equations. Here, G denotes the Gauss-Bonnet term. Useful formulae used in the derivation of the field equations are given in the appendix.
Cosmological Models and Dynamical Systems Analysis
In this section we analyze the behavior of some cosmological solutions of the theory described by the action
where we have fixed the space-time dimension to D = 4. G is the 4-dimensional Newton constant, e = det(e a µ ) = √ −g and L matter denotes a generic matter Lagrangian for matter coupled to the metric in the usual way. The matter side of the field equations is described by a perfect fluid, with density ρ and pressure P . So, by considering the spatially flat FLRW metric
and the simple diagonal vielbein e 0 = dt , e 1 = a(t)dx , e 2 = a(t)dy , e 3 = a(t)dz ,
we find
from Eq. (2.9) with D = 4 and n = 1, and 
. The Friedmann equations (4.6) can be written in the usual form
where we have defined an effective dark energy density and dark energy pressure by
The system of equations defined in (4.6) seems difficult to study analytically. However, we can analyze the simple limit case when the Hubble parameter is a constant; therefore, 9) which are consistent when P = −ρ = constant, i.e., the matter with the vacuum equation of state. So, given a specific f (T GR , T (1) GB ), we can solve the above equation for the constant H in terms of the coupling constants of the theory; thus, we conclude that the system admits a de Sitter expansion. Now, we consider the specific model f (T GR , T (1)
GB , which is the simplest model without introducing a new mass scale in the theory [41] . It is worth mentioning that we are interested in this model in order to see the differences and/or similarities of different choices of T (i) GB which, as discussed in the previous section, leads to different theories. First, we will consider the limit case H constant. In this case, the analytical solution of Eqs. (4.9) which yields a de Sitter expansion is
which is real for −3/2 < α 2 < 3/4,
the denominator of (4.10) tends to zero, so H diverges unless ρ → 0 in a way such that H remains finite. This case corresponds to a de Sitter expansion which can happen for a pure vacuum (ρ = P = 0). Now, we realize a dynamical systems analysis to the general system of differential equations (4.7) for the particular choice of f (T GR , T (1) GB ) in order to study the cosmological evolution of the model. In order to solve the Friedmann equations it is also necessary to specify the equation of state parameter ω matter = P/ρ. In what follows, we consider a dust type of matter content ω matter = 0. Analogously, we define an equation of state parameter for the effective dark energy by ω DE = P DE /ρ DE . So, by defining the variable M = 3H 2 − 4α 2 (Ḣ + H 2 ) and defining also the dimensionless variables
the Friedmann equations (4.7) reduce to the following autonomous dynamical system 12) where the prime denotes derivative with respect to ln a. A useful parameter that gives information of the cosmological system is the deceleration parameter, given by
If q > 0, the universe decelerates, whereas if q < 0, then it expands accelerated. The deceleration parameter can be expressed in terms of the density parameters Ω i , defined by 14) where i corresponds to matter (ω m = 0), radiation (ω rad = 1/3) and dark energy, which yields
From this equation, considering Ω rad = 0, Ω m + Ω DE = 1 and Eq. (4.13), we obtain
where Ω m = Y . The corresponding critical points of the dynamical system (4.12) are given by
The stability of the critical points can be analyzed by studying the linearized equations near the critical points, which are obtained by setting X = X C + δX and Y = Y C + δY in (4.12) and keeping only first order terms; thus, we obtain 18) where δ X = δX δY , δ X = δX δY and the Jacobian matrix is given by
Now, we perform an analysis of the existence and stability of the critical points in order to study the dynamics of the system near the critical points.
• Critical point P 1
In this case, the eigenvalues of the Jacobian matrix J are
Therefore, P 1 is an unstable node for − 3 2 < α 2 < − 3 8 .
• Critical point P 2
The critical point P 2 exists for 0
. The eigenvalues of the Jacobian matrix J are
Therefore, P 2 is a stable node for
P 2 is an unstable node for
• Critical point P 3
There is a critical point P 3 for 0 < α 1 < 1 1+
P 3 is a stable node for
P 3 is an unstable node for
• Critical point P 4
The critical point P 4 exists for
P 4 is a stable focus for
Now, in Fig. (1) we plot the phase space portrait for different choices of the parameters α 1 and α 2 . In the left panel there are two critical points P 1 = (0, 0) and P 2 = (1.31, 0), and the deceleration parameters are q(P 1 ) = 0.38 and q(P 2 ) = −0.27. We have also computed the equation of state parameter for dark energy, which yields ω DE (P 1 ) = −0.08, ω DE (P 2 ) = −0.51. For the right panel, the critical points are P 1 = (0, 0) and P 3 = (2.46, 0), the deceleration parameters are q(P 1 ) = 0.94 and q(P 3 ) = −4.74, and ω DE (P 1 ) = 0.29, ω DE (P 3 ) = −3.49.
In Fig. (2) we plot the phase space portrait for
and different choices of α 2 . In the left panel there are four critical points P 1 = (0, 0), P 2 = (0.52, 0), P 3 = (4.78, 0) and P 4 = (1.17, 0.38), and the deceleration parameters are q(P 1 ) = −1.36, q(P 2 ) = −1, q(P 3 ) = 29.75 and q(P 4 ) = 0.5, also we have computed the equation of state parameter for dark energy, which yields ω DE (P 1 ) = −1.24, ω DE (P 2 ) = −1, ω DE (P 3 ) = 19.50, ω DE (P 4 ) = 0. For the right panel, the critical points are P 1 = (0, 0), P 3 = (1.29, 0) and P 4 = (0.82, 0.60), the deceleration parameters are q(P 1 ) = 1.5, q(P 3 ) = −1 and q(P 4 ) = 0.5, and ω DE (P 1 ) = 0.67, ω DE (P 3 ) = −1, ω DE (P 4 ) = 0. We observe that depending on the values of the parameters, some critical points can attract the universe at late times, and the corresponding values of q and ω DE can lie in the quintessence regime, cosmological constant regime or phantom regime.
Interestingly, we note that the behavior of the system, critical points and stability can be identified with the behavior obtained in [41] for the theory f (T GR , T (2) GB ) by a re-scaling of the dimensionless coupling constant
2 . This is because in that case our equations are similar to that of [41] ; therefore, we conclude that the theory f (T GR , T (1) GB ) can produce similar results to the theory f (T GR , T (2) GB ), but in different regions of the parameter space, as we have shown explicitly above. We suspect a similar behavior can occur for the other Lagrangians T GB and the flat FLRW metric. Certainly, the same can also happen by selecting other choices of the function f .
Conclusions
In this work we studied TELG [34] and its natural extension by considering an arbitrary function f (T L 1 , T L 2 , · · ·, T Ln ) of the torsion invariants T Ln of degree 2n in the torsion tensor and α 2 = 0.55, the blue points corresponds to the critical points P 1 = (0, 0), P 2 = (0.52, 0), P 3 = (4.78, 0) and P 4 = (1.17, 0.38), the deceleration parameters are q(P 1 ) = −1.36, q(P 2 ) = −1, q(P 3 ) = 29.75 and q(P 4 ) = 0.5, and ω DE (P 1 ) = −1. and α 2 = −0.5, the blue points corresponds to the critical points P 1 = (0, 0), P 3 = (1.29, 0) and P 4 = (0.82, 0.60), the deceleration parameters are q(P 1 ) = 1.5, q(P 3 ) = −1 and q(P 4 ) = 0.5, and ω DE (P 1 ) = 0.67, ω DE (P 3 ) = −1, ω DE (P 4 ) = 0.
that appear in the action of TELG, which are also topological invariants in 2n dimensions.
We derived the field equations of this gravitational theory and found that they contain up to second-order derivatives of the dynamical fields e a as happens in TELG, which is in contrast for example to the case of f (R) gravity and f (R, G) gravity which contains fourth order derivatives in the field equations; here G denotes the Gauss-Bonnet term. As application, we studied some cosmological implications of the theory by considering the special case of a natural extension of teleparallel equivalent of Gauss-Bonnet gravity in four space-time dimensions, where the function f (T GR , T (1) GB ) depends only on the invariants T GR and T (1) GB . We considered the spatially flat FLRW metric and found the Friedmann equations, then we chose a specific model given by f (T GR , T (1)
GB . Then, we performed a dynamical systems analysis to the cosmological model, and we found that depending on the parameters α 1 and α 2 , some critical points can attract the universe at late times, and the corresponding values of q and ω DE can lie in the quintessence regime, cosmological constant regime or phantom regime. The theory analyzed here is different from the theory considered in [33] . In fact, by performing integration by parts to T (1) GB , it is possible to obtain four Lagrangians T (i) GB (i = 1, 2, 3, 4) differing from each other by boundary terms [34] , thus yielding field equations equivalent to the Gauss-Bonnet gravity. The Lagrangian analyzed here T (1) GB is the simplest of them, while the one considered in [33] was T (2) GB according to the classification given in [34] ; however, by considering an arbitrary function of the torsion invariants, the modified Lagrangians f (T GR , T (i)
GB
) define different gravitational theories due to the equations of motion of the theories not being equivalent, except in the special case when f (T GR , T (i)
, where the theories are also equivalent to the Einstein-Gauss-Bonnet gravity. The model analyzed was studied in [41] , but in the theory f (T GR , T (2) GB ). We chose the same model in order to see the similarities and/or differences with respect to the theory f (T GR , T (1) GB ), which is a special case of f (T L 1 , T L 2 , ···, T Ln ). Interestingly, we found that despite the theories being different, our solutions can be identified with the solutions obtained in [41] by a re-scaling of the dimensionless coupling constant α 2 → − α 2 2 , and we suspect a similar behavior can occur for the other Lagrangians. Therefore, at least for the case of the flat FLRW metric analyzed here, the theories can produce similar results but in different regions of the space of parameters. We hope to study other cosmological models by incorporating into f torsion invariants of higher degree in the torsion tensor.
with a bold letter the vector field e a which forms an orthonormal basis for the tangent space at each point of the manifold, while e a = η ab e b are 1-forms.
Through consecutive application of the interior product i ea to the relation T a = K a b ∧e b , the contortion 1-form can be expressed in terms of the torsion 2-form as
thus, the variation of the contortion with respect to the vielbein yields 
